We study, both analytically and by numerical modeling the equilibrium probability density function for an non -linear Lévy oscillator with the Lévy index α, 1 ≤ α ≤ 2, and the potential energy x 4 . In particular, we show that the equilibrium PDF is bimodal and has power law asymptotics with the exponent −(α + 3).
, disordered medium [9] , intermittent chaotic systems [10] , etc. However, the kinetic equations have two advantages over a random walk approach: firstly, they allows one to explore various boundary conditions (e.g., reflecting and/or absorbing) and, secondly, to study diffusion and/or relaxation phenomena in external fields, both possibilities are difficult to realize in the framework of CTRW (we point, however, to the paper [11] , in which a fractional kinetic equation was obtained from generalized CTRW). Fractional kinetic equations can be divided into three classes: the first one, describing Markovian processes, contains equations with fractional space or velocity derivatives and the first time derivative, the second one, describing non -Markovian processes, contains equations with fractional time derivative, and the third class, naturally, contains both fractional space and time derivatives, as well. In this paper we deal with a one -dimensional kinetic equation belonging to the first class, namely, with the Fractional Symmetric Einstein -Smoluchowski Equation (FSESE), which, from one hand, is a natural generalization of the diffusion -like equation with the symmetric fractional space derivative [3] , [12] and, from the other hand, is a Markovian generalization of the Einstein -Smoluchowski kinetic equation, which describes a motion of a particle subjected to a white Gaussian noise in a strong friction limit, see, e.g., [13] . From this point of view, the FSESE describes a motion of a particle subjected to a white Lévy noise, also in a strong friction limit [14] .
In dimensionless units the one -dimensional FSESE has the form
where f (x, t) is the probability density function, F is the deterministic external force, α is the Lévy index, 0 < α ≤ 2, ∂ α /∂ |x| α is the symmetric fractional space derivative [2, 11] , which is defined, for a "sufficiently well -behaved function φ(x)" through its Fourier -transformφ(k) as 2) or in terms of the Riemann -Liouville derivatives as
where α > 0, α = 1, 3, ... , [15] .
The solution of Eq. (1.1) in the force -free case, F = 0, is known to be a probability density function (PDF) for an α− stable symmetric process. The solution of Eq. (1.1) was also obtained for the constant field, F = const on the whole axis, −∞ < x < ∞, and for a linear Lévy oscillator [16] . As far as the authors know, Eq. (1.1) was not considered for a more complicated potential fields. In the present paper we study the equilibrium solution of the FSESE for non -linear Lévy oscillator with the potential energy
The models with the potential energy (1.7) play an important role in the theory of dynamical chaos [17] and in the theory of Brownian motion in an open auto -oscillation systems [18] , and have various applications [19] . One may expect that the models of non -linear Lévy oscillator will also possess an important place in the theory of the systems influenced by non -Gaussian Lévy noises and obeying fractional kinetic equations. For our purposes we pass to the equation for the characteristic functionf (k) , 
eq (k), (1.9) where the index "eq." denotes equilibrium solution. Below in the paper we omit subscript "eq" for brevity. The characteristic function obeys the following conditions. 1.
,where the asterisk implies complex conjugate. The first equality is a consequence of the Khintchine theorem about reality of the characteristic function for the symmetric PDF, whereas the second equality is the consequence of the Bochner -Khintchine theorem about positive definiteness of the characteristic function. In fact, one can see that the solution of Eq. (1.9) obeys the condition 1.
2. The boundary conditions for f (k) are as follows:
The first property stems from normalization of the PDF,
The second property stems from the existence of the PDF. As to the third property, we remind that the integer moments of the PDF (if exist) are connected with the derivatives of the characteristic function at k = 0 as
The third property is the consequence of this theorem:
because the PDF is a symmetric function, and hence, all odd moments are equal zero. The last equality is valid for those odd p, for which the p -th moments of the PDF exist.
To make results more transparent, the rest part of the paper will be organized as follows. In Sect.2 we recall the results for non -linear Brownian oscillator, α = 2. In Sect.3 we get an equilibrium solution for an non -linear Cauchy oscillator, α = 1. In Sect.4, which is the main one, we present analytical and numerical results on equilibrium solutions for non -linear Lévy oscillators with the Lévy indexes lying between 1 and 2, Brownian and Cauchy oscillators being their particular cases. Finally, in Sect.5 we present the discussion and summarize the results. Some subsidiary studies, which support the results obtained in Sec.4, are presented in Appendix A. An integral which is necessary for estimating asymptotics of the PDF is calculated in Appendix B.
Equilibrium solution for a non -linear Brownian oscillator
In this Section, which is presented here mainly for the methodical purposes, we remind the equilibrium solution for non -linear Brownian oscillator, α = 2. It is well -known, that in this case there is no need to pass to the equation (1.9); on the contrary, the starting point is the stationary equation, which follows from Eqs. (1.1) and (1.7):
It has the Boltzmann solution
where the constant C is determined from normalization condition. For a non -linear quartic Brownian oscillator
We are also in position to get the characteristic function by making Fourier transform of equilibrium solution (2.2), (2.3) and, then expanding exp(ikx) into the power series and integrating over x each term separately:
where
In Sect.. 4 we show that this solution is a particular case of that for a non -linear Lévy oscillator.
Equilibrium solution for non -linear Cauchy oscillator
For this case we start from Eq. (1.9) with α = 1. The solution iŝ
.This solution can be expanded into the power series of |k| aŝ
Making an inverse Fourier transform of Eq. (3.1), we get equilibrium PDF for the Cauchy oscillator,
Clearly, f (x) ≥ 0 and
Equation (3.4) clearly indicates strongly non -Boltzmann character of the equilibrium PDF for non -linear Cauchy oscillator. In Fig.1 both PDFs for Brownian and Cauchy oscillators are shown in a linear (at the top) and in a semi -logarithmic (at the bottom) scales. The two important distinctive features of the equilibrium PDF for the Cauchy oscillator are (i) the bimodality, and (ii) power law asymptotic at x → ±∞. The latter property is clearly visualized in a linear scale, whereas the former is better shown in a semi -logarithmic scale. It appears that both features are inherent not only to a non -linear Cauchy oscillator, but also to equilibrium PDFs of non -linear Lévy oscillators with the Lévy indexes α , such that 1 ≤ α < 2. In the next Section we get the solution for an arbitrary α between 1 and 2 and clearly demonstrate this fact.
Equilibrium solution for non -linear Lévy oscil
We turn to the solution of Eq. (1.9) with the boundary conditions (1.10). One can convince himself that the solution of Eq. (1.9) with the first and the third conditions from Eqs. (1.10) being taken into account can be represented aŝ
and the coefficients aj, bj are obtained by inserting Eqs. (4.2) and (4.3) into Eq. (1.9) and equating the terms of the same powers of k in the right -and left -hand sides:
Obviously, the a j as well as b j tend to zero extremely fast. The terms Σ 1 and k 2 Σ 2 are, in fact, two independent particular solutions of Eq. (1.9). Since the condition at the infinity from Eq. (1.10) has not been employed yet, the general solution thus depends on an arbitrary constant a. We define it numerically by demandingf
that is,
Our numerical simulations show that with k increasing the value of a rapidly reaches the constant value, which, of course, depends on α. Further increase of k allows us to get a with higher accuracy, that is, with more significant digits. It is also worthwhile to note that the radius R of convergence for both power sets in numerator and denominator of Eq. (4.7) is infinite. This fact can be easily shown with the help of the CauchyHadamard theorem (see, e.g., [20] , p. 300), according to which, e.g., for Σ 1
where the bar denotes the largest limit for the sequence |a j | 1/j .
In Fig. 2 the obtained solution forf(k) is shown in a linear (at the top) and in a semi -logarithmic (in the bottom) scales, α = 1.7. One can see an oscillatory character of the solution at large k; this property can not be visualized directly from the power series expansion. Therefore, we also get a large k−asymptotic of the solution to Eq. (1.9). The derivation of it is presented in Appendix A in detail. There we demonstrate that (i) the asymptotics has an oscillatory character and an exponentially decreasing amplitude, and (ii) the period of oscillations coincide with high accuracy with that obtained numerically from power series expansion, see 
Now we consider two important properties which have been already discussed for the particular case of the Cauchy oscillator in Sect.. 3, namely, power law tails and bimodality. Consider power law tails at x → ±∞ at first. These asymptotics are determined by the first non -analytical term in the power series expansion (4.1), that is, the term a 1 |k| α+2 . By making an inverse Fourier transform of this term, we get
where a 1 = [α(α + 1)(α + 2)] −1 . This integral is calculated by passing to the complex plane, the detailed derivation is presented in Appendix B. The result is
It follows from Eq. (4.8) that the equilibrium PDF has a power law tail, f (x) ∝ |x| −(α+3) , and, thus the integer moments of the order greater than 3 diverge. This behavior is strikingly different from that of a non -linear Brownian oscillator. The "long tails" can be explained qualitatively, if we turn to the Langevin description of the Lévy oscillator, The Langevin approach relevant to the FSESE [13] implies that the non -linear overdamped oscillator is influenced by "white Lévy noise" ξ(t), whose PDF behaves as |ξ| −1−α at |ξ| → ∞ . These "long tails" imply that the large absolute values of the noise occur frequently, which, in turn, lead to large increments of the coordinate. However, it is also clear that the PDF of the coordinate x must fall off more rapidly at x → ∞ than the PDF of the noise ξ, because of the presence of the potential well, which prevents x from "escaping" rather far from the origin.
In Fig. 3 equilibrium PDF is shown by solid lines in a linear (at the top) and semi -logarithmic (at the bottom) scales. The PDF is obtained by an inverse Fourier transform of the characteristic function shown in Fig. 2 , α = 1.5. The dashed lines indicate asymptotic (4.9). One can see, especially from the semi -logarithmic plot, that the asymptotics is a good approximation beginning from k equal nearly 2. In this figure the second important property, namely, bimodality is clearly seen in a linear scale. In Fig. 4 the profiles of equilibrium PDFs (obtained by an inverse Fourier transform of corresponding power series in k -space) are shown for the different Lévy indexes from α = 1 at the top of the figure till α = 2 at the bottom. It is seen that the bimodality is most strongly expressed for α = 1. With the Lévy index increasing the bimodal profile "smooths" and, finally, it turns to a unimodal one at α = 2, that is, for the Boltzmann distribution.
We also perform numerical simulation based on numerical solution of the Langevin equation
where ξ(t) is a white Gaussian noise or a white Lévy noise, whose generator is described in detail in our previous papers devoted to the studies of self -affine properties of ordinary and fractional Lévy motions [21] , [22] . A discussion on equivalency of the description of a stochastic system with the help of the Langevin equation (21) and fractional kinetic equation (1) is presented in Ref. [14] ; for the Brownian motion this problem is discussed, e.g., in Ref. [13] , in detail.
In Fig.5 the results of numerical modelling are presented for the Brownian oscillator, α = 2 (above) and the Lévy oscillator, α = 1.1 (below). At the left the trajectories x(N) are presented , where N = t/∆t is the number of time steps in numerical modeling, t is the length of a single step, ∆t << 1. The result of numerical solution of the Langevin equation must not depend on ∆t; for the Brownian oscillator this requirement is fulfilled at ∆t ≤ 10 −2 , whereas for the Lévy oscillator ∆t ≤ 10 −3 . We also studied the timedependence of the second moments and fix when the moments become constant, thus indicating equilibrium state. From the left figures a clear difference between trajectories of Brownian (above) and Lévy (below) oscillators is seen: there are large "jumps" on the figure below, which are due to existence of large "pushes" from an external Lévy noise ξ or, equivalently, due to power law asymptotic of the PDF of the Lévy noise ξ. Now we turn to the right figures. The designations are as follows. Thick solid line 1 and dotted line 2 show the potential well and its curvature, respectively, in conventional units. Thin solid line 3 shows the Boltzmann distribution (2.2). The black points depict the PDFs obtained in numerical simulations by statistical averaging over 50 trajectories each of 20.000 steps. Finally, the power law asymptotic (4.9) are depicted by a thin solid line 4. It is seen from the figure above that the PDF obtained in numerical simulations agrees quantitatively with the Boltzmann PDF, whereas the figure below demonstrates drastic difference between the Boltzmann PDF and numerical PDF. The latter has long power asymptotic, which start far away from the maximum of the potential well curvature, and whose exponent is close to that obtained theoretically. This conclusion is confirmed by the results of numerical modeling for the Lévy oscillators with different Lévy indexes, see 
Discussion and Results
In this paper we study, both analytically and numerically, the properties of equilibrium PDF of a non -linear (x 4 ) Lévy oscillator, that is, the oscillator which is subjected to a white Lévy noise obeying a Lévy stable probability law. We restrict ourselves to the case of the Lévy indexes such that 1 ≤ α ≤ 2. It is known that the Lévy stable distributions (as the Gaussian one, which corresponds to α equal 2) appear in problems, whose result is determined by the sum of a great number of independent identical factors. Since the Brownian oscillator is subjected to a white Gaussian noise, the Lévy oscillator is a natural generalization of a Brownian one.
For the analytical studies the starting equation is the so -called fractional symmetric Einstein -Smoluchowski equation, which contains fractional symmetric space derivative and is a natural generalization of the kinetic Einstein -Smoluchowski equation used in the theory of Brownian motion.
The main results are as follows: 1. We get analytically the characteristic function of the equilibrium PDF in the form of a power series. Its inverse Fourier transform, realized numerically, allows us to obtain the PDF. The two main distinctive features of the equilibrium PDFs for non -linear Lévy oscillator with α = 2 are (i) the power law asymptotic at large x, and (ii) bimodality. Both features imply that the PDFs for non -linear Lévy oscillators are strikingly different from Boltzmann distribution, which is equilibrium PDF for the Brownian oscillator.
2. The power law asymptotics is determined by the first non -analytical term in a power series expansion of the characteristic function. We find that the asymptotics behaves as |x| −(α+3) . 4. The bimodal profile of the equilibrium PDF is clearly visualized after an inverse Fourier transform of the power series expansion for the characteristic function. Two maxima are most strongly expressed for α = 1 (Cauchy oscillator). With the Lévy index increasing the profile "smooths" and at α = 2 (Brownian oscillator) turns to profile with a single maximum.
5. We make three independent verifications of the solution for the characteristic function.
First: we find that the power series expansion for the characteristic function of the Brownian oscillator (α = 2) is in agreement with the solution for 1 ≤ α ≤ 2, if we set α = 2 in the latter.
Second: the particular case of the Cauchy oscillator ( α = 1) admits complete analytical study, which allows us also to check the agreement between power series and to demonstrate power law asymptotics and bimodality of the PDF.
Third: we obtain the solution of the equation for the characteristic function at large values of the argument k and show that the periods of oscillations of this asymptotic solution in k−space coincide with high accuracy with those obtained from the power series.
Therefore, all three particular verifications testify to correctness of our approach in the general case, 1 ≤ α ≤ 2.
6. We also perform numerical simulation based on numerical solution of the Langevin equation for a non -linear oscillator subjected to a white Gaussian noise. The equilibrium PDFs obtained in simulation show quantitative agreement with PDFs obtained analytically.
At the end we note that the general case of a non -linear Lévy oscillator (x 2n , n = 1, 2, ...) can be treated in a similar way. In particular, it can be shown that in this case the power law asymptotics have an exponent − (α + 2n − 1).
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APPENDIX A. Asymptotics of equilibrium characteristic function at large k We start from Eq. (1.9) for k > 0. Using the transformation [23] 
where b = α − 1, and c is an arbitrary positive (for definiteness) parameter, we get
At large Eq. (A.2) reduces to
whose solution, which tends to zero at large is
where C 1 and C 2 are arbitrary constants. Returning tof (k) , we get at large k
It depends on two unknown constants, C and θ, since we use the condition at infinity only. We can check this formula for two particular cases, α = 1 and 2.
1. Cauchy oscillator, α = 1. By comparing Eqs. (A.4) and (3.1) we get C = 2/ √ 3 , θ = π/6 . 2. Brownian oscillator, α = 2. We explore asymptotics of the following integral at large k, which can be obtained with the help of the saddle -point method, see, e.g., [24] :
With the help of Eq. (A.5) we get, also using Eqs. (2.2), (2.3),
at |k| >> 1. By comparing Eqs. (A.6) and (A.4) we get
We also make a comparison between the period of the asymptotics (A.4) and the period of oscillations of the solution (4.1) -(4.7). Firstly, we are able to get with high accuracy the values k j , j = 1, 2, 3, 4, 5, at which the solution given by Eqs. (4.1) -(4.7) is equal zero, see also Fig. 2 . Then, we insert k j into the cosine in Eq. (A.4) and estimate
It is seen, that δ j+1,j can serve as a measure of difference between zeros off(k) estimated from Eqs. . These results demonstrate the smallness of δ j+1,j and serve as one more confirmation of the correctness of our approach.
APPENDIX B. Power law asymptotics of equilibrium PDF
In this Appendix we evaluate the main value of the integral
which gives the asymptotics of the equilibrium PDF, see Eq. (4.8). We present (B1) as
In order to evaluate I 1 , we pass to the complex plane. Since the integral over the closed contour shown in Fig. 8 is equal zero, we get 
